INTRODUCTION
Let H denote a separable, complex, Hilbert space and let L(H) denote the algebra of all bounded linear operators on H. Determining the structure of an arbitrary operator in L(H) has been one of the most studied topics in operator theory. In particular, the problem whether every operator T in L(H) has a nontrivial invariant subspace is still open. The most recent partial result in this direction is the famous theorem of Brown, Chevreau, and Pearcy [6] (see also [1] 
) which states that every contraction T in L(H)
whose spectrum contains the unit circle, possesses a nontrivial invariant subspace. The ideas and techniques employed were introduced by Scott Brown in [5] and they were further developed in the work of Bercovici, Brown, Chevreau, Foias, and Pearcy, to mention just a few. An extensive bibliography on this subject (which is often denoted as "the theory of dual algebras") can be found in [2] , or, more updated in [10] .
The success of the aforementioned techniques in the case of contraction operators generated a renewed interest in the class of polynomially bounded operators. Recall that an operator T in L(H) is said to be polynomially bounded (notation: T ∈ (PB)(H) or
Also, an operator T in L(H) is said to be power bounded (notation: T ∈(PW)(H) or T ∈(PW)) if (1) holds for every polynomial of the form p(ζ) = ζ n , where n is a positive integer. One of the strongest tools in the study of contractions (cf. [16] ) is the beautiful theorem of Sz.-Nagy [15] that every contraction has a unitary dilation, i. e., if T is a contraction in L(H), then there exists a Hilbert space K containing H and a unitary operator U ∈ L(K) such that T n = P U n |H for every n = 0, 1, 2, . . . , where P is the orthogonal projection in L(K) whose range is H. Unfortunately, a non-contraction operator cannot have a normal, polynomially bounded dilation, so it is important to develop some dilation theory for the class (PB). This was, to some extent, done in [13] and [12] . It is the purpose of this paper to give an improvement of the construction in [13] , thereby obtaining a very strong estimate on the resolvent of the dilation in question.
Before stating the main result of this paper, we briefly mention some notation and terminology. We write C for the complex plane, D for the open unit disc in C, and 
is called an operator-weighted shift with weight sequence
and to be completely polynomially bounded (notation: T ∈ (CPB)) if
there exists an M ≥ 1 such that one has
where the operator (p ij (T )) on the left side of (2) is an n × n matrix with operator entries acting, in the usual fashion, on the direct sum of n copies of H, and (p ij (ζ)) denotes the obvious n × n complex matrix. If T ∈ (CPB), [resp., T ∈ (PB), T ∈ (PW)], then there is a smallest number M ≥ 1 satisfying (2), [resp., (1), (1) restricted], called the complete polynomial bound of T [resp., the polynomial bound of T , the power bound of T ] and denoted
weakly centered, and
It is well known that
Paulsen has proved in [11] that (SC) = (CPB) and that
On the other hand, there are examples of operators in (PW) that are not in (PB) (see [3] , [4] , [8] ), and it is a very difficult open question, posed by Halmos in [9] , whether (PB) ⊂ (SC). The following theorem shows that it suffices to establish this fact for a subclass of (PB). For the definition of a generalized scalar operator and of the related concepts, we recommend a perusal of [7] .
THEOREM 1.2. Every polynomially bounded operator in L(H) is similar to a contraction if and only if every weakly centered polynomially bounded generalized scalar operator in L(H)
whose spectrum is the unit circle is similar to a contraction.
SOME PRELIMINARY RESULTS.
We shall assume that the reader is familiar with the construction in [13] .
However, for convenience, we briefly review it here. Let M = M pb (T ). We defineT to be the following 3 × 3 operator matrix acting on H (3) in the usual way:
Let Let a be a positive number, let A = aU , C = M V . We defineT to be the following matrix, acting on K (3) in the usual way:
In this paper we use a different weight sequence {d i } i∈N . For > 0, we define
The following lemma is similar to [13 
belongs to the class P B(H ⊕ H) if and only if T ∈ P B(H).
PROOF: It is clear that the restriction of a polynomially bounded operator to an invariant subspace is also a polynomially bounded operator, so we confine our attention to the other half of the proof. Thus,
let T ∈ P B(H). It is easy to see that if p(z)
where
Since D * is a contraction,T will be polynomially bounded if and only if there exists K > 0 (independent of p) such that
An easy calculation (see [13] for details) shows that
where p (0) = p, and p (n) =
is orthogonal to Ran p (j) (T )XD * j−1 for 1 ≤ i < j ≤ n. Indeed, this is equivalent to saying that
But the left side of (6) equals p (j) (T )XD * j−i X * p (j) (T ) * , and (6) follows from the fact that D * X * = 0 and that j > i.
One knows (cf. [17, p. 418]) that p (1) ≤ 2 p , and that p (n) ≤ 6 log n p for all polynomials p and for every n ≥ 2. Also, it is easy to see that
If we denote by S the sum of the infinite series
Thus,T is polynomially bounded and the lemma is proved.
The following assertion is [13, Proposition 3.1], so we omit the proof.
PROPOSITION 2.2. Suppose T ∈ P B(H). Then there exists an operator
T in L(H (3) ) such that (a) H ⊕ (0) ⊕ (0) is invariant forT (b) T =T |(H ⊕ (0) ⊕ (0)) , (c)T ∈ (PB)(H (3) ) , (d) Ran(T ) is closed, dim(KerT )= ℵ 0 , and dim(KerT * )= ℵ 0 .
REMARK 2.3. We briefly recall that the operatorT with the required properties is given by (3).
The following assertion is [13, Proposition 3.2].
PROPOSITION 2.4. Suppose T ∈(PB)(H), K = H (3) , and letT ∈ L(K) be as in Proposition 2.2. Then there exists an operatorT ∈(PB)(K
(3) ) such that (a) M = (0) ⊕ K ⊕ (0) is semi-invariant forT , (b)T K =T , (c)T ∈ P B(K (3) ) ,
(d) σ(T ) is the unit circle , and (e)T is weakly centered.
PROOF: We defineT as in (4) . The proofs of the properties (a), (b), and (e) are identical to the proofs of the analogous assertions in [13] so we omit them. Furthermore, applying Lemma 2.1, we easily obtain thatT is polynomially bounded. Finally, a careful study of the proof of the part (d) in [13] reveals that the only property of the sequence {d n } n∈N that is being used is that d n → 1. Since this is obviously true here as well, the proposition is proved. 
PROOF: First we note that
* is a backward weighted shift with weight sequence {d n −1 } n∈N , and
Since the operator 
But this means that
If we denote the power bound of
On the other hand, L = max
. Thus, the lemma will be proved if we exhibit the constant ω = ω( ) such that
It is easy to see that the function f (x) = a x x 1/2+
attains its maximum for x = −(1/2 + )/ log a , and this maximum equals
Therefore, it suffices to show that − log
is uniformly bounded for µ ∈ D, and this is clearly true since
This completes the proof of the lemma.
LEMMA 2.6. Let T ∈(PW) and let
so the lemma is proved. By Lemma 2.5 there exists a positive number ω such that (7) is true. Without loss of generality we can assume that ω ≥ 1/16. We define
Obviously, the estimate (e) for λ ∈ C \ D − follows from Lemma 2.6. Therefore we assume that λ ∈ D and, employing the notation m(T ) = inf{ T x : x = 1}, together with the obvious fact that m(T ) = T −1 −1 , we see that it suffices to show that
Suppose that (9) is not true. Then there exists λ ∈ D andx ∈ K (3) , such that x = 1 and
Writingx = x ⊕ y ⊕ z, we obtain that
and, hence,
The inequality (10) 
One knows that the resolvent (T − λ) −1 is a continuous function in C \ T. Therefore, it is bounded on the set Z = {λ : |λ| ≤ 1/2}, and we assume without loss of generality that 
